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Abstract. We give linear and polynomial time algorithms for computing
the hull number of distance-hereditary and chordal graphs respectively. The
complexity of computing the hull number in chordal and distance-hereditary
graphs was open since the introduction of the notion in [Martin G. Everett
and Stephen B. Seidman, The hull number of a graph, Discrete Mathemat-
ics 57(3), 1985]. Prior to our result polynomial time algorithms were only
known for sub-classes of considered graph classes, e.g., split graphs, cographs,
interval graphs, . . . . Our techniques allow us to give at the same time a lin-
ear time algorithm for computing the geodetic number in distance-hereditary
graphs. Another consequence of the used techniques is an incremental output-
polynomial algorithm to list the set of (inclusion-wise) minimal hull sets in
any graphs.

1. Introduction

Convexity spaces form a classical topic in several branches of mathematics and
have received attention earlier in discrete mathematics and Euclidean geometry
[30, 22, 25, 14, 33]. Convexity spaces are related to lattice theory and are sometimes
called Moore families and links with convex geometry, anti-matroids and matroids
are well-covered (see for instance [9]). Of particular interest are the convexity
spaces associated with graphs, particularly those associated with paths in graphs
and that are well-studied the last decades (see for instance the survey [34]). Indeed,
many convexity parameters associated with convexity spaces give rise to interesting
parameters when considering graph convexities [25, 24, 34].

In this paper we consider the convexity related to shortest paths in graphs,
called geodetic convexity, and the graph convexity parameter hull number [24]. For
an undirected graph G and a subset X of the vertex set of G, let I[X] be the set
of vertices that lie in a shortest path between two vertices of X. A subset Y of
V (G) is said closed if I[Y ] = Y , and the closure of X ⊆ V (G) is the (inclusion-
wise) smallest closed set Y containing X. A subset X of V (G) is a geodetic set if
I[X] = V (G), and it is a hull set if its closure is V (G). The geodetic number and the
hull number of a graph are respectively the minimum size of a geodetic set and of a
hull set. The notion of hull number has been introduced in [24] and has attracted
many interest in the last years [1, 8, 17, 18]. Computing the minimum hull number
of bipartite graphs is NP-complete [1] and polynomial time algorithms have been
proposed for some graph classes: proper interval graphs, cographs, split graphs
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[17], cobipartite graphs, (q, q − 4)-graphs [1] to cite a few. It was asked several
times in the litterature [1, 17, 24] whether one can compute in polynomial time the
hull number in chordal graphs. We answer positively this question by providing a
polynomial time algorithm that, given a chordal graph G, computes a minimum hull
set of G. Surprisingly, the related notion geodetic number has been proven to be
NP-complete in chordal graphs [19] and a polynomial time algorithm for interval
graphs is open (polynomial time algorithms for split graphs and proper interval
graphs are given in [19] and [23]). We also propose a linear time algorithm for
computing a minimum hull set and a minimum geodetic set in distance-hereditary
graphs.

The linear time algorithm for distance-hereditary graphs is not surprising and can
be derived easily from the definition of distance-hereditary graphs once we know the
results of Courcelle and others onmonadic second-order logic. It can be summarised
as follows. We will first give a monadic second-order formula HullSet(X) (resp.
GeodeticSet(X)) that holds in a distance-hereditary graph G if and only if X is
a hull set (resp. geodetic set) of G. We will then use Courcelle et al.’s theorem
[13] stating that monadic second-order properties can be solved in linear time in
distance-hereditary graphs. In order to write the formula HullSet(X) we will
express in monadic second-order logic the property "z is in a shortest path between
x and y", a property that is not expressible in monadic second-order logic in general.

The algorithm for chordal graphs is however a bit involved and is based upon the
notion of functional dependencies which are constraints used in relational database
design and specially in normalization process [10]. We first represent the between-
ness relation “z is in a shortest path between x and y” by a set of functional depen-
dencies. We then use an encoding of functional dependencies by directed graphs,
called dependence graphs, and that is commonly used to represent constraints in
databases (see for instance [35]). A consequence of this representation is that a
hull set in a graph G corresponds then to what is commonly called a superkey
in database theory and the computation of a minimum superkey is a well-studied
problem in database theory. This representation has moreover the advantage of
bringing several tools and results from database theory to the computation of the
hull number in graphs and related problems. For instance, we can derive from
this representation an incremental output-polynomial algorithm for listing the set
of (inclusion-wise) minimal hull sets. We demonstrate the usefulness of this encod-
ing with chordal graphs. Chordal graphs are known to admit a nice structure, in
particular every n-vertex chordal graph admits a linear ordering (x1, . . . , xn) of its
vertex set such that the neighbours of xi in {xi+1, . . . , xn} induce a clique in G [26].
We combine this ordering of chordal graphs with a decomposition of dependence
graphs for the computation of minimum keys in databases given in [35] to derive
a polynomial time algorithm for computing a minimum hull set in chordal graphs.
We postpone the details to Section 4.2.

2. Preliminaries

2.1. Graphs. If A and B are two sets, A\B denotes the set {x ∈ A | x /∈ B}. The
power set of a set V is denoted by 2V , and we denote by V 3 the set V × V × V .
The size of a set A is denoted by |A|.

We refer to [15] for our graph terminology. A graph G is a pair (VG, EG) where
VG is the set of vertices and EG ⊆ (VG × VG) \ ({(x, x) | x ∈ VG}) is the set of
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edges. A graph G is said to be undirected if EG is symmetric; an edge (x, y) is
hence written xy (equivalently yx). Otherwise it is called directed. For a graph
G, we denote by G[X], called the subgraph of G induced by X ⊆ VG, the graph
(X,EG∩(X×X)). The size of a graph G, denoted by ‖G‖, is defined as |VG|+|EG|.
For a vertex x of a graph G, we let NG(x) be the set {y | (x, y) ∈ EG}.

A path of length k in a graph G from the vertex x to the vertex y is a sequence
(x = x0, x1, . . . , xk = y) such that the set {(xi, xi+1) | 0 ≤ i ≤ k − 1} is a
subset of EG; this path is said chordless if (xi, xj) /∈ EG whenever j > i + 1 or
j < i− 1. It is worth noticing that whenever G is undirected, if P := (x0, . . . , xk)
is a path from x to y, (xk, . . . , x0) is also a path from y to x and we will say in
this case that P is a path between x and y. A graph G is said strongly connected
if for every pair (x, y) of vertices there exists a path from x to y and also a path
from y to x. A strongly connected component of a graph G is a maximal strongly
connected induced subgraph of G. Strongly connected undirected graphs are simply
said to be connected and their strongly connected components are called connected
components.

The distance between two vertices x and y in an undirected graph G, denoted
by dG(x, y), is the minimum k such that there exists a path of length k between
x and y; if no such path exists then dG(x, y) = ∞ (this does happen if G is not
connected). Any path between two vertices x and y of length dG(x, y) is called a
shortest path and is by definition a chordless path.

An undirected graph G is said complete if EG = (VG×VG) \ ({(x, x) | x ∈ VG}),
and it is called a cycle of length n if its edge-set is the set {xixi+1 | 1 ≤ i ≤
n−1}∪{x1xn} with (x1, . . . , xn) an ordering of its vertex-set. A tree is a connected
undirected graph without any cycle. An undirected graph G is called distance-
hereditary [3] if for every two vertices x and y of G all the chordless paths between
x and y have the same length, and it is called chordal [16] if it has no induced cycle
of length greater than or equal to 4. A vertex x of an undirected graph G is called
simplicial if G[NG(x)] is a complete graph. It is now well-known that every chordal
graph has at least two simplicial vertices [16]. A perfect elimination ordering of a
graph G is an ordering (x1, . . . , xn) of VG such that for every 1 ≤ i ≤ n, the vertex
xi is simplicial in G[{xi, . . . , xn}]. The following is a well-known result.

Theorem 1. [26, 28] A graph G is chordal if and only if it has a perfect elimination
ordering. Moreover, a perfect elimination ordering can be computed in time O(‖G‖).

2.2. Betweenness Relations. Let V be a finite set. A betweenness relation on V
is a ternary relation B ⊆ V 3 such that for every x, y, z ∈ V , we have B(x, z, y) holds
if and only if B(y, z, x) holds; z is said to be between x and y. Several betweenness
relations, particulary in graphs, are studied in the literature (see [9, 34]).

Let B be a betweenness relation on a finite set V . For every subset X of V , we
let Bo(X) be

⋃
x,y∈X

{z ∈ V | B(x, z, y)}. A subset X of V is B-convex if Bo(X) = X

and the B-convex hull of X, denoted by B+(X), is the smallest B-convex set that
contains X. A subset X of V is a B-hull set (resp. B-geodetic set) if B+(X) = V
(resp. Bo(X) = V ).

For every undirected graph G, the geodesic betweenness on VG, denoted by SPG,
is such that SPG(x, z, y) holds if and only if z is in a shortest path between x and
y. The minimum size of a SPG-hull set and of a SPG-geodetic set are called
respectively hull number and geodetic number of G.
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Let us now recall some easy observations about the minimum hull and geodetic
sets in graphs.

Fact 1. A SPG-hull set of a non connected undirected graph G is the union of the
SPG-hull sets of its connected components. Similarly for SPG-geodetic sets.

Proof. This follows from the fact that for every triple x, y, z of VG, z is in a shortest
path between x and y if and only if dG(x, y) = dG(x, z) + dG(z, y). �

Fact 2. Any SPG-hull set (or SPG-geodetic set) of an undirected graph G must
contain the set of simplicial vertices of G.

Proof. This follows from the fact that a simplicial vertex z cannot be in any shortest
path, except if it is an end point of the path. Indeed, if z is not the end point of
a shortest path P beween x and y and z ∈ P \ {x, y}, then two neighbors z1 and
z2 of z are in P . But, since z is simplicial we have z1z2 ∈ EG contradicting P is a
shortest path. �

From fact 1 for computing the hull number of a graph we can assume it to
be connected, and by Fact 2 we know that the number of simplicial vertices is a
lower bound for the hull or geodetic number. We conclude this section with some
facts about shortest paths in connected undirected graphs. Let G be a connected
undirected graph. A BFS (Breadth-First Search) tree at x in G is a tree constructed
by a BFS search starting at x [11]. For each i > 1, let Li, called the level i, be
the set {y ∈ VG | dG(x, y) = i}. It is well-known that a BFS tree T partitions the
edges of G into 3 parts: the edges of the BFS tree that we call white edges; the
edges between two vertices in the same level, called red edges; and those that are
between two vertices in consecutive levels, called blue edges.

Proposition 1. Let x be a vertex in a connected undirected graph G and let T be
a BFS tree at x in G. Then, a sequence P := (x = x0, x1, . . . , xk) is a shortest path
if and only if xixi+1 is either white or blue with xi ∈ Li and xi+1 ∈ Li+1 for all
0 ≤ i ≤ k − 1.

Proof. By induction on the length k of P . The statement is clear for k = 1. Assume
it is true for some k ≥ 1 and let us prove it for k + 1.

Let P := (x = x0, x1, . . . , xk+1) be a path where xixi+1 is either white or blue,
and xi ∈ Li and xi+1 ∈ Li+1 for all 0 ≤ i ≤ k. By induction, (x = x0, x1, . . . , xk) is
a shortest path between x and xk. Since xk+1 is in level Lk+1, then dG(x, xk+1) =
k + 1, i.e., P is a shortest path between x and xk+1.

Assume now that P := (x = x0, x1, . . . , xk+1) is a shortest path. By definition,
(x0 = x, . . . , xk) is a shortest path between x and xk and by inductive hypothesis
xixi+1 is white or blue for all 0 ≤ i ≤ k − 1. Since xk+1 is in level k + 1 and xk is
in level k (dG(x, xk) = k and dG(x, xk+1) = k + 1), the edge xkxk+1 can only be
blue or white. This finishes the proof. �

As a corollary, we get the following.

Proposition 2. Let G be a connected undirected graph and let x be a vertex of G.
Then, we can compute all the sets SPo

G({x, y}), for all vertices y ∈ VG \ {x}, in

time O

(
‖G‖+ log(|VG|) ·

( ∑
y∈VG\{x}

∣∣SPo
G({x, y})

∣∣)).
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Proof. In the algorithm that computes a BFS tree T at x, we initialise SPo
G({x})

and SPo
G({x, y}), for all y ∈ NG(x), to ∅. And when adding a vertex y in level

i ≥ 2 of T we let SPo
G({x, y}) be the set

⋃
z∈Li−1∩NG(y)

(SPo
G({x, z}) ∪ {z}). Let us

prove by induction on i that this modified BFS search at x computes SPo
G({x, y})

for each y ∈ VG \ {x} at level i. The statement is clear for i ≤ 1. Assume the
statement is true for all z in level i and let us prove it for y at level i + 1. By
Proposition 1 each z ∈ Li ∩NG(y) is in a shortest path between x and y and any
shortest path between x and y should contain a z ∈ Li ∩ NG(x) as a penultimate
vertex. Hence, since shortest paths satisfy the triangular inequality we have that z
is in a shortest path between x and y if and only if z ∈ Li ∩NG(y) or there exists
z′ ∈ Li ∩ NG(y) such that z is in a shortest path between x and z′. This implies
that

⋃
z∈Li∩NG(y)

(SPo
G({x, z}) ∪ {z}), which proves the statement.

The time complexity is bounded by the time taken by the BFS search algorithm
which is known to be O(‖G‖) and the time to compute SPo

G({x, y}) for all y ∈
VG\{x} since each set SPo

G({x, y}) is computed once. Since SPo
G({x, y}) for y ∈ Li

is equal to
⋃

z∈Li−1∩NG(y)

(SPo
G({x, z}) ∪ {z}), the computation of SPo

G({x, y}) is

the same as the computation of the union of sets, and since by representing sets
by balanced search tree we can perform this operation in time O(n · log(n)) for
two sets S1 and S2 with n = |S1| ≥ |S2|, the upper bound on the time complexity
follows. �

2.3. Monadic Second-Order Logic. We refer to [12] for more information since
we recall only the necessary definitions for the understanding. A relational signature
is a finite set R := {R,S, T, . . .} of relation symbols, each of which given with
an arity ar(R) ≥ 1. A relational R-structure A is a tuple (A, (RA)R∈R) with
RA ⊆ Aar(R) for every R ∈ R and A is called its domain. Each graph G can be
seen as the relational {edg}-structures, with ar(edg) = 2, (VG, edgG) with domain
its set of vertices VG and edgG(x, y) holds if and only if (x, y) ∈ EG.

We now review monadic second-order formulas on relational structures. We will
use lower case variables x, y, z, . . . (resp. upper case variables X,Y, Z, . . .) to de-
note elements of domains (resp. subsets of domains) of relational structures. Let
R be a relational signature. The atomic formulas over R are x = y, x ∈ X and
R(x1, . . . , xar(R)) for R ∈ R. The set MSR of monadic second-order formulas
over R is the set of formulas formed from atomic formulas over R with Boolean
connectives ∧, ∨, ¬, =⇒, ⇐⇒, element quantifications ∃x and ∀x, and set quan-
tifications ∃X and ∀X. An occurrence of a variable which is not under the scope
of a quantifier is called a free variable. We will write ϕ(x1, . . . , xm, Y1, . . . , Yq) to
express that the formula ϕ has x1, . . . , xm, Y1, . . . , Yq as free variables and A |=
ϕ(a1, . . . , am, Z1, . . . , Zq) to say that the formula ϕ(x1, . . . , xm, Y1, . . . , Yq) holds
in A when substituting (a1, . . . , am) ∈ Am to element variables (x1, . . . , xm) and
(Z1, . . . , Zq) ∈ (2A)q to set variables (Y1, . . . , Yq) in the formula ϕ. The following
is an example of a formula expressing that two vertices x and y are connected by a
path

∀X(x ∈ X ∧ ∀z, t(z ∈ X ∧ edg(z, t) =⇒ t ∈ X) =⇒ y ∈ X).

If ϕ(x1, . . . , xm, Y1, . . . , Yq) is a formula inMSR, we let optϕ, with opt ∈ {min,max},
be the problem that consists in, given a relational R-structure A, to finding a tuple
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(Z1, . . . , Zq) of (2A)q such that

∑
1≤i≤q

|Zi| = opt

 ∑
1≤i≤q

∣∣Wj

∣∣ | A |= ϕ(a1, . . . , am,W1, . . . ,Wq)

 .

Many optimisation graph problems, e.g., minimum dominating set, maximum
clique, . . . , correspond to optϕ for some MS{edg} formula ϕ.

Let A be a finite set. An A-coloured graph is a graph with its edges and vertices
labelled with elements inA. LetRA be the relational signature {(edga)a∈A, (nlaba)a∈A}
with ar(edga) = 2 and ar(nlaba) = 1 for every a ∈ A. Every A-coloured graph G
can be represented by the relational RA-structure (VG, (edgaG)a∈A, (nlabaG)a∈A)
where edgaG(x, y) holds if and only if xy ∈ EG is labelled with a ∈ A and nlabaG(x)
holds if and only if x ∈ VG is labelled with a ∈ A.

Clique-width is a graph complexity measure introduced by Courcelle and co-
authors that is important in complexity theory and that generalizes the well-known
notion of tree-width introduced by Robertson and Seymour in their Graph Minors
Project. Roughly, a graph has clique-width at most k if it can be obtained from
the empty graph by successively applying the following operations (1) the disjoint
union of two graphs, (2) add all the edges between vertices labelled i and vertices
labelled j, i 6= j, i, j ∈ {1, . . . , k}, (3) relabel the vertices labelled i into j, i, j ∈
{1, . . . , k} (4) creation of a graph with a single vertex labelled i ∈ {1, . . . , k}. The
obtained expression is called clique-width expression. Examples of graph classes
with bounded clique-width are distance-hereditary graphs, graphs of bounded tree-
width, (q, q − 4)-graphs, . . .We refer to the book [12], which summarizes the most
important results in this area, for the exact definition of clique-width and for more
information on it. We recall however the following important theorem that is the
basis of our algorithm for distance-hereditary graphs.

Theorem 2. [12] Let A be a fixed finite set and let k be a fixed constant. For
every MSRA

formula ϕ(x1, . . . , xm, Y1, . . . , Yq), optϕ, for opt ∈ {min,max}, can be
solved in linear time in any A-coloured graph of clique-width at most k, provided
the clique-width expression is given. If the clique-width expression is not given, one
can compute one using at most f(k) labels, for some function f , in cubic time.

3. Distance-Hereditary Graphs

Our algorithm will use Theorem 2. Indeed, we will use the definition of distance-
hereditary graphs to write a formula stating that a set X ⊆ VG is a SPG-hull set in
a distance-hereditary graph G, and the fact that distance-hereditary graphs have
clique-width at most 3 and an optimal clique-width expression can be constructed
in linear time [27]. Let us first state the following technical proposition whose proof
is not difficult.

Proposition 3. Let B be a betweenness relation on a finite set V and assume there
exists a relational R-structure A with V ⊆ A, for some relational signature R that
contains a relation nlabV representing V . Assume also that there exists an MSR
formula Bet(x, z, y) that holds in A if and only if B(x, z, y) holds. Then, there exist
MSR formulas HullSet(X) and GeodeticSet(X) expressing respectively that X is
a B-hull set and a B-geodetic set.
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Proof. We write X ⊆ Y and X ( Y as shortcuts for the formulas ∀x(x ∈ X =⇒
x ∈ Y ) and X ⊆ Y ∧ ∃y(y ∈ Y ∧ y /∈ X) respectively. The following formula
Closed(X), with free set variable X, says that X is a B-convex set.

X ⊆ nlabV ∧ ∀x, y(x ∈ X ∧ y ∈ X =⇒ ¬ (∃z(Bet(x, z, y) ∧ z /∈ X)) .

The validity of the formula Closed(X) is trivial since it states that, for each
x, y ∈ X, all z ∈ V such that B(x, z, y) holds must be in X, which is exactly the
definition of B-convex sets. The following formula, ConvexHull(X,Y ), with free
set variables X and Y , says that Y is the B-convex hull of X.

Closed(Y ) ∧X ⊆ Y ∧ ∀Z(X ⊆ Z ∧ Z ( Y =⇒ ¬Closed(Z)).

The formula ConvexHull(X,Y ) states that Y is closed, contains X and for any
X ⊆ Z ( Y we have that Z is not aB-convex set, which is the definition ofB-convex
hull set. The next formulas are HullSet(X) and GeodeticSet(X) respectively (in
this order).

∀Z
(
Z ( nlabV =⇒ ¬ConvexHull(X,Z)

)
.

X ⊆ nlabV ∧ ∀z
(
nlabV(z) =⇒ ∃x, y

(
x ∈ X ∧ y ∈ X ∧Bet(x, z, y)

))
.

The first formula states that no proper subset of V is the B-convex hull of X
which is exactly the definition of B-hull set, and the second formula states that for
each z ∈ V , there exists x, y ∈ X such that B(x, z, y), which is the definition of a
B-geodetic set. �

An immediate consequence of the definition of distance-hereditary graphs is the
following observation.

Fact 3. Let G be a distance-hereditary graph. Then, a sequence P := (x0, . . . , xk)
is a shortest path in G if and only if P is a chordless path in G.

The following proposition proposes an MS formula for the geodetic convexity in
distance-hereditary graphs. The formula is not hard to write, but we include it for
completeness and for people not familiar with monadic second-order logic.

Proposition 4. There exists an MSedg formula BetSP(x, z, y) that expresses that
z is in a shortest path between x and y in distance-hereditary graphs.

Proof. Let G be a distance-hereditary graph. By Fact 3, we have SPG(x, z, y)
holds if and only if z is in a chordless path between x and y in G. A chordless path
between x and y is a set X containing x and y that is connected and such that each
vertex, but x and y which have each degree 1, has degree 2 in X. Let the following
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formulas.

ϕ1(x,X)⇔ in the subgraph induced by X the vertex x has degree 1

≡ ∃z
(
z ∈ X ∧ edg(x, z) ∧ ∀t(t ∈ X ∧ edg(x, t) =⇒ z = t)

)
,

ϕ2(x,X)⇔ in the subgraph induced by X the vertex x has degree 2

≡ ∃z, t ∈ X
(
z 6= t ∧ edg(x, z) ∧ edg(x, t) ∧ ∀z′(z′ ∈ X ∧ edg(x, z′) =⇒

z′ = z ∨ z′ = t)
)
,

ϕ3(Y, Z,X)⇔ {Y,Z} is a partition of X

≡ ∀x
(

(x ∈ X ⇐⇒ x ∈ Y ∨ x ∈ Z) ∧ (x ∈ Y =⇒ x /∈ Z)∧

(x ∈ Z =⇒ x /∈ Y )
)
,

ϕ4(X)⇔ the subgraph induced by X is connected

≡ ¬
(
∃Y,Z(ϕ3(Y,Z,X) ∧ ∀y, z(y ∈ Y ∧ z ∈ Z =⇒ ¬edg(y, z)))

)
,

ϕ5(x, y,X)⇔ X is the set of vertices of a chordless path between x and y

≡ x ∈ X ∧ y ∈ X ∧ ϕ4(X) ∧ ϕ1(x,X) ∧ ϕ1(y,X)∧
∀z
(
z ∈ X ∧ z 6= x ∧ z 6= y =⇒ ϕ2(z,X)

)
.

The formula BetSP(x, z, y) is then the following which states that there is a set X
which induces a chordless path between x and y and z is in X.

x 6= y ∧ x 6= z ∧ y 6= z ∧ ∃X
(
ϕ5(x, y,X) ∧ z ∈ X

)
.

The validity of the formulas are straightforward to check. �

Theorem 3. For every distance-hereditary graph G one can compute in time
O(‖G‖) a minimum SPG-hull set and a minimum SPG-geodetic set of G.

Proof. By Proposition 4 one can construct an MSedg formula BetSP(x, z, y) that
expresses that z is in a shortest path between x and y in distance-hereditary
graphs. Therefore, by Proposition 3 one can construct formulas HullSet(X) and
GeodeticSet(X) stating that X is a SP-hull set and a SP-geodetic set respec-
tively. Since distance-hereditary graphs have clique-width at most 3 and an optimal
clique-width expression can be constructed in time O(‖G‖) [27], by Theorem 2 one
can compute a minimum SPG-hull set and a minimum SPG-geodetic set of every
distance-hereditary graph G in time O(‖G‖). �

4. Chordal Graphs

In this section we give a polynomial time algorithm for computing a minimum
SPG-hull set in a chordal graph G. The algorithm is based on the notion of func-
tional dependencies, borrowed from database community.

4.1. Functional Dependencies and Dependence Graphs. Let V be a finite
set. A functional dependency on V is a pair (X, y), often written X → y, where
X ⊆ V is called the premise, and y ∈ V is called the conclusion. If X → z is a
functional dependency with X = {x, y} (or X = {x}), for convenience we will write
xy → z (or x → z) instead of {x, y} → z (or {x} → z). A model for X → y is a
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subset F of V such that y ∈ F whenever X ⊆ F . If r := X → y is a functional
dependency on V , we define the function ϕr : 2V → V where for every Z ⊆ V ,

ϕr(Z) :=

{
Z if X * Z,

Z ∪ {y} otherwise.

A set Σ of functional dependencies on V is called an implicational system on
V . If an implicational system is composed only of functional dependencies with
premises of size 1 we call it a unit-premise implicational system. A set X ⊆ V is
said Σ-closed if it is a model for each functional dependency in Σ. The Σ-closure
Σ(X) of a set X is the smallest Σ-closed set that contains X. A key for Σ is an
(inclusion-wise) minimal subset K of V such that Σ(K) = V .

Fact 4. Let Σ be an implicational system Σ on V . For every subset K ⊆ V , there
exist functional dependencies r1, . . . , rp in Σ such that Σ(K) = ϕrp(. . . (ϕr1

(K) . . .)).

If Σ is an implicational system on a finite set V , we let G (Σ), called the depen-
dence graph of Σ, be the directed graph (V ′, E′) with

V ′ := V ∪ {PX | X is a premise in Σ},

E′ :=
⋃

X→y∈Σ

((
{(x, PX) | x ∈ X}

)
∪ {(PX , y)}

)
.

One observes that G (Σ) has size ‖G (Σ)‖ := O

(
|V |+

∑
X→y∈Σ

(
|X|+ 1

))
and

can be computed in time linear on ‖G (Σ)‖. Before continuing let us prove that a
minimum key can be computed in linear time in every unit-premise implicational
system. It will be used in our algorithm for the computation of the hull number of
chordal graphs in the geodetic convexity.

Let Σ be a unit-premise implicational system on a finite set V and ≡Σ be the
relation where x ≡Σ y if Σ(x) = Σ(y). The relation ≡Σ is clearly an equivalence
relation. Let PΣ := (V/ ≡Σ,�) where [x]≈Σ

� [y]≈Σ
whenever there exist x′ ∈

[x]≈Σ and y′ ∈ [y]≈Σ such that x′ → y′ ∈ Σ.

Proposition 5. Let Σ be a unit-premise implicational system on a finite set V and
let K be obtained by choosing an element in each minimal equivalence class of ≡Σ

in PΣ. Then K is a minimum key of Σ. The graph PΣ can be moreover computed
in time O(|V |+ |Σ|).

Proof. To generate V it is enough to generate an element in each equivalence class
of ≡Σ and since each such equivalence class is in a path from a minimal equivalence
class in PΣ to a maximal one in PΣ, we have Σ(K) = V . Now, K is minimum
because each key should generate at least an element of a minimal equivalence class
in PΣ, but by the definition of PΣ an element in a minimal equivalence class C can
be only generated by elements of C, i.e., we should take at least an element in each
equivalence class.

We now show how to compute the equivalence classes. It is easy to check that
x ≡Σ y if and only if x and y are in the same strongly connected component
of G (Σ). The graph G (Σ) can be computed in time O(|V | + |Σ|) and has size
O(|V |+ |Σ|). And since we can compute the set of strongly connected components
in time O(‖G (Σ)‖) (see [11] for instance), we can then compute the equivalence
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classes of ≡Σ in time O(‖G(Σ)‖) = O(|V | + |Σ|). And since the minimal elements
of � can be computed in O(|V/ ≡Σ |), we are done. �

We now borrow some ideas from [35]. Let Σ be an implicational system on a finite
set V . A strongly connected component S of G (Σ) is called a source component if
for all x, y ∈ VG (Σ), if (x, y) ∈ EG (Σ) and y ∈ VS , then x ∈ VS . That means that
all edges between a vertex in S and a vertex in VG (Σ) \ S is always from S.

Let R be a subset of V . We let � ΣR, called the restriction of Σ to R, be the
implicational system on R defined as {X → y ∈ Σ | X ∪ {y} ⊆ R}. A contraction
of Σ to R is the implicational system Σ/R on V \ Σ(R) defined as{

X → y | X ∪ S → y ∈ Σ, and S ⊆ Σ(R) and X ∪ {y} ⊆ V \ Σ(R)
} ⋃{

X → y ∈ Σ | X ∪ {y} ⊆ V \ Σ(R)
}
.

Proposition 6. [35] Let Σ be an implicational system on a finite set V and let S
be a source component of G (Σ). Then K ⊆ V is a minimum key of Σ if and only if
K = K1 ∪K2 with K1 a minimum key of � ΣVS and K2 a minimum key of Σ/VS.

If Σ is an implicational system on V , then x ∈ V is called an extreme point if
x is not the conclusion of any functional dependency in Σ. It is straightforward to
verify from Proposition 6 that any extreme point is a source component in G (Σ)
and then is in any minimum key of Σ.

Lemma 1. Let Σ := Σ1 ∪ Σ2 be an implicational system on a finite set V with
Σ1 := {z → t ∈ Σ} and Σ2 := {zt→ y ∈ Σ}. Let x in V be an extreme point in Σ2

and not in Σ1 and let Σ′ :=
(
Σ \ {xz → y ∈ Σ}

)
∪
(
{tz → y | xz → y, t→ x ∈ Σ}

)
.

Then, any minimum key K ′ of Σ′ is a minimum key of Σ. Conversely, to any
minimum key K of Σ, one can associate a minimum key K ′ of Σ′.

Proof. It is enough to prove that for any K ′ ⊆ V with Σ′(K) = V , also Σ(K ′) = V ,
and with any K ⊆ V such that Σ(K) = V , one can associate K ′ ⊆ V of same size
with Σ′(K ′) = V .

Let K ′ ⊆ V be such that Σ′(K ′) = V . Then, by Fact 4 there exist functional
dependencies r′1, . . . , r′p in Σ′ such that V = ϕr′p

(. . . (ϕr′1
(K ′) . . .)). For each i let ri

be in Σ where

ri :=

{
r′i if r′i ∈ Σ,

xz → y if r′i := tz → y ∈ Σ′ \ Σ.

Because V = ϕr′p
(. . . (ϕr′1

(K ′) . . .)) and by the definition of the mapping ϕr for a
functional dependency r, for each z ∈ V either z ∈ K ′ or there exists 1 ≤ i ≤ p
such that z /∈ ϕr′i−1

(. . . (ϕr′1
(K ′) . . .)) but z ∈ ϕr′i

(. . . (ϕr′1
(K ′) . . .)). Therefore,

if x is in K ′, then V = ϕrp(. . . (ϕr1(K ′) . . .)). Now, if x is not in K ′, then we
let i be the smallest integer such that r′i ∈ Σ′ \ Σ. Then, r′i = tz → y where
t → x ∈ Σ, and t ∈ ϕr′i−1

(. . . (ϕr′1
(K ′) . . .)). Let r := t → x. Therefore, it is clear

that V = ϕrp(. . . (ϕri(ϕr(ϕri−1
(. . . (ϕr1

(K ′) . . .))))) . . .).
Conversely, let K be such that Σ(K) = V . Then, there also exist functional

dependencies r1, . . . , rp in Σ such that V = ϕrp(. . . (ϕr1
(K ′) . . .)). For each i let r′i

be in Σ′ where

r′i :=

{
ri if ri ∈ Σ′,

tz → y if ri = xz → y ∈ Σ \ Σ′.
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If x is not in K, then we clearly have V = ϕr′p
(. . . (ϕr′1

(K ′) . . .)) because there
exists some functional dependency ri := t → x and if rj := xz → y, we have
j > i and then z ∈ ϕrj (. . . (ϕr1(K) . . .)) if and only if z ∈ ϕrj (. . . (ϕr1(K) . . .)) for
every 1 ≤ j ≤ p. We now assume that x is in K. If there exists t ∈ V such that
r′ := t→ x ∈ Σ and t ∈ K, then we clearly have V = ϕr′p

(. . . (ϕr′1
(K ′) . . .)) because

if z is obtained with the rule rj := xy → z, it can be also obtained with the rule
r′j := ty → z. Otherwise, let K ′ := K \ {x} ∪ {t} where r′ := t → x ∈ Σ. Then,
with similar reasons as above one can check that V = ϕr′p

(. . . (ϕr′1
(ϕr′(K

′)) . . .)).
This concludes the proof. �

It is worth noticing that the mapping in Lemma 1 as suggested by the proof is
not a bijection.

4.2. The Algorithm for Chordal Graphs. We associate with every graph G
the implicational system on VG

ΣG :=
⋃

x,y∈V
{xy → z | z ∈ SPo

G({x, y}) \ {x, y}}.

One notices that a vertex x of a graph G is simplicial if and only if x is an
extreme point in ΣG. The proof of the following is straightforward.

Fact 5. Let G be an undirected graph. SP+
G(X) = ΣG(X) for every X ⊆ VG.

Therefore, K is a minimum SPG-hull set of G if and only if K is a minimum key
of ΣG.

We now explain the strategy of our algorithm which consists in computing a
minimum key of ΣG. According to Proposition 6 it is enough to find a source
component S in G(ΣG), compute a minimum key K1 of � ΣGVS and a minimum
key K2 of ΣG/VS , and return K1 ∪K2. However, we do not have any insight in the
structure of the implicational systems � ΣGVS and ΣG/VS , and we cannot iterate
because they may be not implicational systems constructed from chordal graphs.
To overcome these difficulties we take a perfect elimination ordering (x1, . . . , xn) of
G, and for each 1 < i ≤ n we construct an implicational system Σi from Σi−1 with
Σ1 := ΣG and with the property that

• either xi is extreme in Σi, i.e., xi is a source component in G(Σi) and should
be in any key of Σi, and thus we can use Proposition 6 to construct Σi+1,
and put xi in the already computed solution set K,
• or Σi := Σ′ ∪ Σ′′ with Σ′ a unit-implicational system and xi is an extreme

point in Σ′′, and in this case we can use Lemma 1 to eliminate xi from Σ′′

and get Σi+1.
At the end of this process either we end up with an empty implicational system

and then we return the already computed set K or the remaining implicational
system is a unit-premise implicational system. By Proposition 5 we can compute a
minimum key S of this latter and we return K ∪S. We refer to Algorithm 1 for the
description of the algorithm by a pseudo code, and to Example 1 for an execution
of the algorithm on a chordal graph.

Example 1. See Figure 1 for a chordal graph G. The numbering on the vertices
follow a perfect elimination ordering of its vertex set. We show the execution of
the algorithm on ΣG. First 1 is an extreme point in ΣG, then we contract ΣG on
1, and then 2 is an extreme point in ΣG/1 and we contract ΣG/1 on 2, and get a
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unit-premise implicational system. Then, we pick either 3 or 4, ending on {1, 2, 3}
or {1, 2, 4}, which in this example are the only minimum hull sets.

ΣG

12 → 567

13 → 47

15 → 6

16 → 7

23 → 5

24 → 3567

27 → 56

36 → 57

45 → 37

46 → 7

ΣG/1

2 → 567

3 → 47

5 → 6

6 → 7

23 → 5

24 → 3567

27 → 56

36 → 57

45 → 37

46 → 7

ΣG/{1, 2}
3 → 4

4 → 3

3

1

2

4

5

6

7

Figure 1. A chordal graph G.

We now prove the correctness of Algorithm 1.

Theorem 4. For every chordal graph G, one can compute a minimum SPG-hull

set of G in time O

(
‖G‖+

∑
x,y∈VG

∣∣SPo
G({x, y})

∣∣), which is less than O(|VG|3).

Proof. Let G be a chordal graph. By Fact 1 it is enough to prove that we can
compute a minimum SPG-hull set in each connected component of G, and hence we
can assume without loss of generality that G is connected. We show that Algorithm

1 computes a minimum SPG-hull set ofG in timeO

(
‖G‖+

∑
x,y∈VG

∣∣SPo
G({x, y})

∣∣).
Let (x1, . . . , xn) be a perfect elimination ordering of G and for each 1 ≤ i ≤ n, let
Gi := G[{xi, . . . , xn}].

The important variables of the algorithm are K, K+, and Σ with K+ = ΣG(K),
and Σ is the current implicational system. We claim that at each iteration i of the
for loop K ∪ S is a minimum key of ΣG with S a minimum key of Σ. This claim
is trivially true before entering the for loop because Σ is initialised to ΣG and the
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other variables to ∅. We will assume that it is true after the ith iteration i and will
prove that it is still true after the (i + 1)st iteration.

One easily proves by induction on i using Proposition 6 that at any iteration i
of the for loop, only vertices in VGi

\K+ can appear as premises in the functional
dependencies {xy → z ∈ Σ}. One also easily proves, still by induction, that at
any time K+ is equal to ΣG(K). We now prove that after (i + 1)st iteration, the
set K ∪ S is a minimum key for ΣG. We can moreover easily prove by induction
on i, still using Proposition 6, that after the ith iteration, for every i < j ≤ n if
xj ∈ K+, then xj does not appear in any functional dependency in Σ.

Now, if xi+1 ∈ K+, then from the discussion above it cannot be in any functional
dependency of Σ and then cannot be in any key of Σ. Hence, we are done in this
case. So, we will assume that xi+1 is not in K+.

At iteration i+1, the vertex xi+1 is a simplicial vertex inGi+1. We first claim that
there exists no functional dependency of the form zt → xi+1 in Σ. Assume there
exist z, t ∈ VG \K+ such that xi+1 is in a shortest path between them and let P be
such a path. P cannot be included in Gi+1, otherwise xi+1 would not be a simplicial
vertex in Gi+1. Let j < i + 1 be the least number such that xj is in P . Then, P is
included in Gj . But, this should contradict the fact that xj is simplicial in Gj . So,
there is no functional dependency of the form zt→ xi+1 in Σ. Now, if xi+1 is not
the conclusion of any functional dependency in Σ, that means that it is an extreme
point in Σ and then must be in any key of Σ. Then by Proposition 6, {xi+1} ∪ S
where S is a key of Σ/xi+1 is key for Σ. By induction, K ∪ {xi+1} ∪ S is a key for
ΣG and then we are done. Assume now that there exists a functional dependency
t → xi+1 in Σ and let Σ′ :=

(
Σ \ {xiz → t}

)
∪
(
{tz → y | xiz → y, t → xi ∈ Σ}

)
.

By Lemma 1 any minimum key of Σ′ is a minimum key of Σ and to any minimum
key of Σ one can associate a minimum key of Σ′. Therefore, after iteration i + 1
the set K ∪ S is a minimum key for ΣG where S is a minimum key for Σ := Σ′.

The fact that after the for loop, Σ is a unit-premise implicational system follows
from the fact that the functional dependencies in Σ with premises of size 2 have
their premises included in Gi, with i ≤ n.

We now discuss the time complexity. By Proposition 2 The implicational system

ΣG can be constructed in time O

(
‖G‖+

∑
x,y∈VG

∣∣SPo
G({x, y})

∣∣). The test in Line

6 can be done in time O(log(|VG|)) by implementing K+ as a binary search tree (or
any other data structure that allows logarithmic search and insertion operations).
Lines 7, 9, 10 and 11 are done in time O(|ΣG|) (to compute ΣG({xi+1}) it suffices
to search for all vertices of G that are reachable from xi+1 in G(Σ) by a BFS
search and such that except the neighbors of xi+1, a vertex z is in level i only if
there exists r := zy → t with z and t in level i − 1). Line 13 is done in time

O(|VG| + |ΣG|) by Proposition 5. Since |ΣG| = O

( ∑
x,y∈VG

∣∣SPo
G({x, y})

∣∣), then
we can conclude that the algorithm computes a minimum SPG-hull set in time

O

(
‖G‖+

∑
x,y∈VG

∣∣SPo
G({x, y})

∣∣). �
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Algorithm 1: ChordalMinimumHullSet(G)
Data : A connected chordal graph G

Result: A SPG-hull set of minimum size of G
begin

1 Let (x1, . . . , xn) be a perfect elimination ordering of G
2 K := ∅
3 K+ := ∅
4 Σ := ΣG

5 for i← 1 to n do

6 if
(
xi /∈ K+

)
then

7 if
(
xi /∈ {x | z → x ∈ Σ}

)
then

8 K := K ∪ {xi}
9 K+ := K+ ∪ Σ({xi})

10 Σ := Σ/xi

else

11 Σ := Σ \ {xiz → t} ∪ {tz → y | xiz → y, t→ xi ∈ Σ}

//At this step Σ is a unit-premise implicational system
12 if Σ 6= ∅ then

13 compute a minimum key S of Σ

else

14 S := ∅
15 return K ∪ S

end

5. Concluding Remarks

We have given a linear time algorithm and a cubic-time algorithm for computing
a minimum SPG-hull set in distance-hereditary and chordal graphs respectively.
The technique for the algoritm on chordal graphs is different from the techniques
known in the graph theory literature, and we hope the use of functional dependen-
cies and associated dependence graphs borrowed from database community can be
a promising tool. For instance another positive effect not discussed, to the best of
our knowledge, in the literature on graph convexities is that given a betweenness
relation B computable in polynomial time in every input graph and a graph G,
we can enumerate the set of all (inclusion-wise) minimal B-hull sets in G without
repetitions [32]. This can be of interest when dealing with betweenness relations in
social networks (see for instance the book [31]). Notice however that the algorithm
in [32] is incremental output-polynomial which means that the delay between two
outputs is polynomial in the size of the input and the number of already computed
solutions, and up to now no polynomial delay algorithm is known, i.e., an algorithm
which, after a polynomial time pre-processing, outputs the minimal superkeys one
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by one and the delay between two consecutive outputs is bounded by a polyno-
mial on the size of the input (we refer for instance to [36] for precise definitions of
enumeration algorithms).

An implicational system Σ on V is direct if Σ(X) = X ∪
⋃
{y | Z ⊆ X, Z → y ∈

Σ} for every X ⊆ V . This means that for every betweenness relation B on V , if its
associated implicational system ΣB := {xy → z | B(x, z, y)} is direct, then X is a
hull set if and only if X is a geodetic set. In [4] the authors characterized the direct
implicational systems. We ask whether one can characterize the graphs for which
ΣG is direct. Notice that ΣG is not necessarily direct on an interval graph G, and
hence our algorithm cannot be used to compute a geodetic set in interval graphs
(which is still open). The status of the computational complexity of computing
a minimum SPG-hull set is still open in several other well-studied graph classes
admitting nice structures. We can cite among them graph classes of bounded tree-
width and more generally those of bounded clique-width, weakly chordal graphs,
degenerate graphs, . . . Are the tools used here of some help?

Our techniques for distance-hereditary graphs allow at the same time to derive
a linear time algorithm for computing a minimum SPG-geodetic set of a distance-
hereditary graph. In fact the whole ingredient in Theorem 3 was the possibility to
encode the betweenness relation SPG in a distance-hereditary graph by a monadic
second-order formula and then use Courcelle et al.’s theorem [12, 13]. A natural
question that arises is whether we can extend this encoding to other graph classes.
Indeed, we can for all graphs by using the dependence graphs as stated below.

Proposition 7. There exists a formula BetSP(x, z, y) that is true in the depen-
dence graph of G(ΣG) if and only if SPG(x, z, y) holds.

Proof. Let A be the set {V,M}. For every undirected graph G, let G′(ΣG) be the
A-coloured graph obtained from G(ΣG) by labelling vertices of VG by V and the
others by M. One easily checks that the following formula BetSP(x, z, y) is true in
G′(ΣG) if and only if SPG(x, z, y) holds

nlabV(x) ∧ nlabV(y) ∧ nlabV(z) ∧ ∃t
(
nlabM(t) ∧ edg(x, t) ∧ edg(y, t) ∧ edg(t, z)

)
.

�

A consequence of Theorem 2, and of Propositions 3 and 7 combined with results
in [29] gives the following.

Proposition 8. Let k be a fixed integer. Let G be an undirected graph such that
G(ΣG) has clique-width at most k. Then, one can compute in time O(|VG|6) a
minimum SPG-hull set and a minimum SPG-geodetic set of G.

Can we easily characterize/recognize the graphs which have dependence graphs
of bounded clique-width? We conclude by pointing out that the logical tools can
be used for computing minimum hull sets and geodetic sets for other graph con-
vexities, e.g., the monophonic convexity which deals with chordless paths [20], the
P3-convexity dealing with paths of length 2 [5, 6], the P ∗3 -convexity which concerns
induced path of length 2 [2], the m3-convexity concerning induced paths of length
at least 2 [21], the triangle-path convexity which concerns paths admitting only tri-
angles as chords [7], . . . The betweenness relations associated with each of the above
cited convexities can be expressed in monadic second-order logic and therefore us-
ing Theorem 2 and Proposition 3 we can compute for each of them a minimum hull
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set and a minimum geodetic set in cubic time, thus generalising some of the known
results in the literature [2, 5, 20]. Notice that for all of them computing a mini-
mum hull set and a minimum geodetic set is NP-complete (except the monophonic
convexity where computing a minimum hull set is polynomial while computing a
minimum geodetic set is NP-complete [20]).

Proposition 9. Let k be a fixed positive integer. Let G be a graph (directed or not)
of clique-width at most k. Then, one can compute in time O(|VG|3) a minimum
hull set and a minimum geodetic set of G for any of the convexities: monophonic,
P3-convexity, P ∗3 -convexity, m3-convexity, triangle-path convexity.
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